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Given positive integers k and h, balanced incomplete block designs on v  
points with block size k and index h exist for all sufhciently large integers v  
satisfying the congruences X(v - 1) = 0 (mod k - 1) and hv(v - 1) = 0 
(mod k(k - 1)). Analogous results hold for pairwise balanced designs where 
the block sizes come from a given set K of positive integers. We also observe 
that the number of nonisomorphic designs on v  points with given block size 
k > 2 and index X tends to infinity as v  increases (subject to the above con- 
gruences). 
1. INTRODUCTION 
A pairwise balanced design of index h (in brief, a X-PBD) is a pair 
(X, Ol) where X is a set of points, 02 is a family of subsets of X (called 
blocks), each A E OZ containing at least two points, and such that for any 
pair x, y of distinct points, there are exactly X blocks A containing both. 
(We allow so-called “repeated blocks,” that is, distinct blocks may contain 
exactly the same points. Thus it would be more precise to use the language 
of incidence structures [l], but we prefer the set-theoretic notation and 
hope that no confusion will arise.) 
Pairwise balanced designs of index unity have, among various other 
names, also been called linear spaces (in which case the blocks are called 
lines). A X-PBD on v points in which all blocks have the same cardinality k 
is traditionally called a (v, k, h)-BIBD (balanced incomplete block design), 
or a 2 - (v, k, h) design. 
Given a set K (finite or infinite) of positive integers, we denote by B,(K) 
the set of positive integers u for which there exists a h-PBD on z, points with 
block sizes from K (i.e., such that 1 A 1 E K for each block A), and we 
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abbreviate B,(K) by B(K). We define a(K) as the greatest common divisor 
of the integers {k - 1: k E K) and p(K) as the greatest common divisor of 
{k(k - 1): k E K}. It is not difficult to see [ll, Proposition 2.21 that if 
2, E B,(K), then 
h(v - 1) = O(mod LX(K)), and (1.1) 
hv(v - 1) = O(mod p(K)). (1.2) 
That is, the congruences (1.1) and (1.2) are necessary conditions for the 
existence of a h-PBD on u points with block sizes from K. Our main 
purpose here is to prove the following partial converse: 
THEOREM 1. Given a set K of positive integers and a positive integer h, 
B,(K) contains all su$‘iciently large integers v satisfying the congruences (1.1) 
and (1.2). 
Specializing to the case when K consists of a single positive integer k, 
we obtain the following assertion which is stated as a conjecture in [S]. 
COROLLARY A. Given positive integers k and X, (v, k, A)-BIBD’s 
exist for all sufJ;ciently large integers v for which the congruences 
are valid. 
h(v - 1) = O(mod k - 1) and (1.3) 
Xv(v - 1) = O(mod k(k - 1)) (1.4) 
The quotients r = h(v - l)/(k - 1) and b = hv(v - l)/k(k - 1) are, 
respectively, the number of blocks on a point and the total number of 
blocks in a (v, k, h)-BIBD. 
We remark that H. Hanani [6, 71 has shown that fork < 5, Corollary A 
remains valid with the phrase “sufficiently large” replaced by “(v, k, A) # 
(15, 5, 2).” 
At the end of Section 2, we indicate how to derive the somewhat stronger 
COROLLARY B. Let k be a positive integer. Then with finitely many 
exceptions, (v, k, h)-BIBD’s exist for all pairs v, h of positive integers 
such that v 2 k and the congruences (1.3) and (1.4) hold. 
The more general PBD’s of index unity with multiple block sizes have 
applications to existence and construction problems for other conbinatorial 
structures [S, 141. A form of Theorem 1 in the case h = 1 which is convenient 
for applications is Corollary C. 
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COROLLARY C. Let K be a set of positive integers such that K = B(K). 
Then K contains all su#iciently large integers v satisfying v = l(mod a(K)) 
and v(v - 1) = 0 (mod p(K)) (and in particular, all large v = l(mod ,8(K))). 
In Section 2, we indicate how Theorem 1 follows from previous work 
[IO, 111 and a certain lemma. Section 3 is devoted to the proof of this 
lemma. Section 4 contains a proof of Theorem 2. 
THE~RBM 2. Let k > 3 and X be given and let N(v, k, A) denote the 
number of nonisomorphic (v, k, X)-BIBD’s. Then there exist constants 
c = c(k, A) > 1 and v,, = v,(k, A) such that 
N(v, k, A) > cue, 
for ah v > v,, for which (1.3) and (1.4) hold. 
2. PROOF OF THEOREM 1 
By [11, Theorem 9.91, a proof of Corollary A in the case h = 1 will 
suffice to prove Theorem 1. That is, we need only establish that given k, 
(v, k, I)-BIBD’s exist for all large integers v such that the congruences 
v E 1 (mod k - 1) and v(v - 1) = 0 (mod k(k - 1)) are valid. 
Now it has been shown in [11, Theorem 9.5 or 6.11 that (v, k, I)-BIBD’s 
exist for all large v E 1 or k (mod k(k - 1)) and, moreover, that if there 
exists a single (vO, k, 1)-BIBD where v0 = f (mod k(k - 1)), then (v, k, l)- 
BIBD’s exist for all sufficiently large integers v = f (mod k(k - 1)). In 
view of this remark, Theorem 1 will follow if we can show that for any 
residue class f modulo k(k - 1) satisfying 
f- l(modk-1) and (2.1) 
f(f - 1) = 0 (mod k(k - 1)), (2.2) 
there exists a (v, k, I)-BIBD with v = f (mod k(k - 1)). 
The proofs in [ 111 of the assertions referred to above are somewhat long, 
and comprise the vast majority of the work required to prove Theorem 1. 
Only this last step, the existence of designs with v representing any given 
solution of (2.1) and (2.2), remained to be established. But as several 
individuals had observed, all (v, k, l)-BIBD’s known at that time satisfied 
v E 1 or k (mod k(k - 1)). For example, all known (v, 6, 1) BIBD’s had 
v = 1 or 6 (mod 30); no examples were known with v = 16 or 
21 (mod 30), although these values of v satisfy (2.1) and (2.2). 
However, the work of [Ill was sufficient to establish that Corollary A 
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is valid for pairs k, h such that X > ([+k] - l)([$k] - 2) [l 1. Corollary 
to Theorem 9. IO]. 
The following lemma is designed to exploit the above partial results. 
In some sense, the construction of the lemma (given in Section 3) “stretches 
out” a design with large h to obtain a design of index unity. 
We use the term group-divisible design (GDD) with n groups of size m 
and block size k for a triple (X, 9, 02) where X is a set of nm points, 
29 = (G, , G, ,..., G,} is a partition of X into n m-subsets Gi (called groups), 
and GE is a class of k-subsets of X (called blocks) such that / A n Gi I < 1 
for each block A and group Gi , and for any pair x, y of points which 
belong to different groups, there exists a unique block A which contains 
both x and y. (Thus (X, 3 u a) is a PBD with block sizes from {k, m> 
and index unity.) 
LEMMA. Suppose that there exists an (n, k, q)-BIBD where q is a prime 
power. Then there exists a GDD with n groups of size qd and block size 
k whenever d > I?. 
To complete the proof of Theorem 1, let k be given and fix a residue 
class f modulo k(k - 1) satisfying (2.1) and (2.2). Choose a prime 
q 3 ([$k] - l)([&k] - 2) which does not divide k(k - 1). Since 
Corollary A is valid for k and h = q, we can find a (perhaps large) integer 
II = f (mod k(k - 1)) for which an (n, k, q)-BIBD exists. Let d 3 n2 be 
chosen so that qd = 1 (mod k(k - 1)) and which is in addition large 
enough so that a (qd, k, l)-BIBD exists. Let (X, 9, @) be the GDD whose 
existence is claimed in the Lemma. Write 9 = {G, , G, ,..., G,) and for 
each group Gi, let (Gi , 5Yi) be any (qd, k, I)-BIBD. Then with 
V = @U g1 u a!z u *a* u an, (X, U) is an (nq”, k, l)-BIBD. And 
nqd = f (mod k(k - l)), as required. 
To derive Corollary B, we first repeat a remark made in [l 1, p. 2531. As 
observed in [9], given v and k, there is a least positive integer h, = X,(v, k) 
satisfying (1.3) and (1.4); any other h satisfying (1.3) and (1.4) is a multiple 
of 4 3 and h, always divides k(k - 1). By Corollary A, we can find a 
constant C(k) such that: If z, > C(k), X, divides k(k - l), and the 
congruences (1.3) and (1.4) hold, then there exists a (0, k, A,,)-BIBD. Then 
if v > C(k) and h is any positive integer consistent with (1.3) and (1.4), a 
(v, k, X)-BIBD can be obtained trivially from a (v, k, h,)-BIBD by repeating 
the blocks X/h, times. That is, the constant inherent in “sufficiently large” 
in Corollary A can be chosen to depend only on k and not on h. 
Thus given k, it remains only to discuss the existence of (u, k, X)-BIBD’s 
for those pairs v, h where k < v < C(k). However, it is shown in [12] 
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that given D and k (v > k), (u, k, h)-BIBD’s exist for all but finitely many 
values of h consistent with (1.3) and (1.4). (This observation is also 
essentially contained in [4]). The assertion of Corollary B is now clear. 
3. PROOF OF THE LEMMA 
We assume the existence of an (n, k, q)-BIBD (N, 9) where 
N = (1, 2,..., n> and q is a prime power. Let d > n2 be given. We shall 
construct a GDD with n groups of size qd and block size k. 
Let V be a vector space of dimension d over F = GF(q) (the field with 
q elements). As the points of the GDD we take X = V x N. The groups 
will be 9 = {G, , G, ,..., G,} where Gi = V x {i}. It remains to describe 
the class 02 of blocks. 
We propose the following method for constructing the blocks: Let 
T I  , T2 3..., T, be linear transformations of V over F and let H be a (d - l)- 
dimensional subspace of V. Further suppose that we have a system of 
mappings yB : B -+ V, one mapping P)~ for each block B of the design 
(N, g). Then for each triple (B, h, x) E g x H x V, define a k-subset 
A B.h,x = t(9)&) + T@) + X, i>: i E B), 
of X = V x N and put 
a = {&.h,z : (B, h, x) E 33 x H x V}. 
PROPOSITION 1. If for any choice of i, j (1 < i < j < n), the q vectors 
{qB(j) - P)B($ B E g ! ,  {i,j) c W, 
form a system of representatives for the cosets of the subspace 
Hij = (Ti - T,)(H) in V (in particular, Tj - Ti must be injective on H 
so that dim HZj = d - l), then with a as defined above, (X, 9, CPG) is the 
required GDD with n groups of size qd and block size k. 
Proof. The only nontrivial claim to be checked is the condition that 
two points belonging to different groups are contained in a unique block. 
Consider two points (y, i), (z, j) E X with, say, i < j. These points 
belong to the block AB,hSr if and only if {i,j} c B and 
p)Bci) + Ti(4 + x = Y, (3.1) 
pdj) + T,(h) + x = z. (3.2) 
Equations (3.1) and (3.2) are equivalent to (3.1) and 
(?B(j) - P)B@) + GT  - T,>(h) = z - Y- (3.3) 
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Under our hypothesis, there is a unique block B E 59 with {i, j} C B such that 
yB(j) - yB(i) and z - y belong to the same coset of Hjj = (Tj - T,)(H) 
in V. Then there is a unique h E H such that Eq. (3.3) holds, and a unique 
x E V such that (3.1) is also valid. 
The remainder of this section is devoted to proving the existence of 
transformations TI ,..., T, , a subspace H, and a system of mappings 
(Q : B E @ satisfying the hypothesis of Proposition 1. This can always 
be done under our assumption d >, n2 (but this is only a convenient 
expression, and surely not the best possible result). 
PROPOSITION 2. There exist linear transformations TI , T, ,..., T, of V 
over F such that Tj - Ti is nonsingular (1 < i < j < n) and for 
r = 2, 3,..., n, any nonzero linear combination of 
(T, - T&l, (T,. - T&-l ,..., (T, - T+&l, 
is also nonsingular. 
Proof. Let S be a linear transformation of V over F whose minimal 
polynomial p(z) E F[z] is irreducible of degree d. Then for any nonzero 
polynomial f(z) E F[z] of degree cd, f(s) will be nonsingular. (For 
f and p are relatively prime and by the Euclidean algorithm, we can write 
1 = f(z) g(z) + p(z) h(z); then f(S) g(S) is the identity transformation.) 
We take Td = Si-l, i = 1, 2 ,..., n. Then Tj - Ti is a polynomial of 
degree td in S and so is nonsingular (1 < i < j < n). 
Suppose that for some r (2 < r < n) and some scalars a, , a2 ,..., a,-, E F, 
the transformation 
U = al(T,. - T,)-l + a,(T, - T&l + ... + a,-,(T, - T,&l, 
is singular. Then 
f(S) = W’, - Td(Tt- - Ta)...(T, - Tr--1), 
is also singular. But 
T-1 
f(S) = C ai fl (ST-1 - S-l), 
i=l l&p-l 
3#i 
is a polynomial in S of degree (r - l)(r - 2) < d, and hence must be 
the zero polynomial. Since the coefficient of 
n p-1 = s (l/a)(r-z)(r-lbi+l 
l<i5p-1 
j+i 
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in f(S) is (- l)c-2 CL~ , we conclude that a, = a2 = *** = a,-, = 0. This 
completes the proof of Proposition 2. 
PROPOSITION 3. Let T,, T,,..., T,, have the properties stated in 
Proposition 2, let H be any (d - I)-dimensional subspace of V, and put 
Hii = (Ti - T,)(H), 1 < i -C j < n. Then there exists a system of 
maP&v vB : 3 -+ V, B E a’, satisfying the hypothesis of Proposition 1. 
Proof. Let 1: V + F be a linear functional with kernel H. For 
1 < i < j < n, let Iii = 10 (Ti - T&-l, so that the kernel of the functional 
Iii is Hii. Notice that for each r (2 6 r < n), the functionals I+, 
i = 1, 2,..., r - 1, are linearly independent; for if 
alllr + a2L + *** + aF-lL1.r 
= 10 (a,(T,. - T&l + --- + a,-,( T, - TV-,)-l) 
is the zero functional, then a,(T, - T&-l + ..* is singular and hence 
al = .” = areI = 0. 
Note that x and y represent the same coset of Hi, if and only if 
lij(x) = lij( y). The cosets of Hij are thus put in one-to-one correspondence 
with the q elements of F. 
For each triple (i, j, B) satisfying 1 < i < j < n, BE 99, (i, j) C 3, 
arbitrarily choose field elements cs(i, j) E F subject only to the condition 
that for fixed i,.j, F = {cB(i,j): B E B, {i, j} c B}. We claim that mappings 
P)~, B E a’, can be found so that 
b(P)B(j) - FBci>) = cB(i9j), (3.4) 
whenever 1 < i < j < n, (i, j} Z B. Then surely the system of mappings 
P)~ satisfies the hypothesis of Proposition 1. 
Our above claim, however, is easily seen to be valid: For each BE a’, 
define yB inductively. Choose the image of the least element of B under vB 
arbitrarily. When j E B and @ has been defined on all smaller elements 
of B, we must find vB( j) E V so that (3.4) holds for all i E B, i < j, or 
equivalently, 
hdpB(j)> = cB(i9j) + &9(%6)). (3.5) 
The right-hand side of (3.5) is already defined and we have just a non- 
homogeneous system of linear equations in the unknown vector I, 
which has solutions since the linear functionals on the left hand side are 
independent. 
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4. PROOF OF THEOREM 2 
Two designs (X, ,0&) and (X, , G&J are isomorphic when there exists 
a bijection #: 1, ---f X, which maps the blocks of a1 onto those of G& 
(more precisely, for each subset S C X1 , the number of blocks in C& which 
contain exactly the points in S is to equal the number of blocks in & 
containing exactly the points of 4(S)). 
In the sequel, we write B,(k) in place of B,({k}) for the set of positive 
integers v such that a (v, k, X)-BIBD exists. 
Let k > 3 and X be given. It is a simple matter to see that there exists 
a constant M = M(k, h) with the following property: If v E B,(k) and 
z, > A4 then there are at least two distinct families CZ of k-subsets of any 
given v-set X for which (X, @) is a (v, k, h)-BIBD. For example, we may 
take M(k, 1) = k and more generally, we may take M(k, h) such that 
u > M(k, h) implies (3 > b = Xv(v - l)/k(k - 1). This guarantees that 
in a (v, k, h)-BIBD (X, a), there exists a k-subset S of X which does not 
occur as a block; and by applying a suitable permutation of X, we can find 
an (isomorphic but distinct) family Q?’ in which S does appear as a block. 
As in [ll], we call a set J of positive integers PBD-closed, or simply 
closed, when B(J) = J. (The inclusion J C B(J) always holds). It is readily 
seen that B,(k) is closed [IO, Proposition 5.21. Then 
K = B,(k) n ((1) u {v: u > M(k, X)}) 
is also closed. By [I 1, Theorem 6.61 we can write K = III(&) for some finite 
subset K,, 2 K. 
Now consider an integer v E Bh(k) with v > M(k h). There exists a 
l-PBD (X, CQ on v points with block sizes from K, . For each block A E GY, 
there exist at least two distinct families gA of k-subsets of A for which 
(A, aA) is an (I A 1, k, h)-BIBD (since 1 A 1 E K,, C K). For any such choice 
of gA, A E CI’, let g = u *&YA ; then (X, 9) will be a (v, k, h)-BIBD. 
In this way, we obtain at least 2b distinct families g such that (X, 9Y) is a 
(8, k, X)-BIBD, where b is the number of blocks in CPG. Some of these 
designs (X, 9Q may be isomorphic, but as a design can be isomorphic 
to at most U! designs with the same point set, surely 
iV(v, k, X) > (2b/v!) > 2b-z110gzv. (4.1) 
Let I be the largest element of K, . Of the (3 pairs of points of (X, OZ), 
at most (3 are contained in any one block of a; so b > u(v - 1)/1(1- 1). 
Then (4.1) implies 
N(v, k, h) > cv*, 
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for all sufficiently large u E B,(k), with say c = 21/2z(z-1) > 1. This 
completes the proof of Theorem 2. 
More concrete lower bounds for N(q’, q, 1) and iV(qu + 1, q + 1, l), 
q a prime power, can be found in [2] and [3], respectively. The result 
N(v, 3, 1) > (e-s~)“‘/~~ for v E B(3) can be found in [13]. We conjecture 
that N(v, k, A) >, vdv2 for large v E B,(k) with some positive constant 
d = d(k, A). 
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